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THE QUOTIENT SHAPES OF NORMED SPACES AND
APPLICATION
NIKICA UGLESˇIC´
Abstract. The quotient shape types of normed vectorial spaces
(over the same field) with respect to Banach spaces reduce to those
of Banach spaces. The finite quotient shape type of normed spaces
is an invariant of the (algebraic) dimension, but not conversely.
The converse holds for separable normed spaces as well as for the
bidual-like spaces (isomorphic to their second dual spaces). As a
consequence, the Hilbert space l2, or even its (countably dimen-
sional, unitary) direct sum subspace may represent the unique quo-
tient shape type of all 2ℵ0 -dimensional normed spaces. An appli-
cation yields two extension type theorems.
1. Introduction
The shape theory began as a generalization of the homotopy theory
such that the locally bad spaces can be also considered and classified
in a very suitable “homotopical” way. The first step (for compacta in
the Hilbert cube) had made K. Borsuk, [1]. The theory was rapidly
developed and generalized by many authors. The main references are
[2], [3], [5] and, especially, [10]. Although, in general, founded purely
categorically, a shape theory is mostly well known only as the (stan-
dard) shape theory of topological spaces with respect to spaces having
the homotopy types of polyhedra. The generalizations founded in [7]
and [16] are, primarily, also on that line.
The quotient shape theory was introduced a few years ago by the
author, [12]. It is, of course, a kind of the general (abstract) shape
theory, [10], I. 2. However, it is possible and non-trivial, and can be
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straightforwardly developed for every concrete category C and for ev-
ery infinite cardinal κ ≥ ℵ0. Concerning a shape of objects, in general,
one has to decide which ones are “nice” absolutely and/or relatively
(with respect to the chosen ones). In this approach, the main principle
reads as follows: An object is “nice” if it is isomorphic to a quotient
object belonging to a special full subcategory and if it (its “basis”) has
cardinality less than (less than or equal to) a given infinite cardinal.
It leads to the basic idea: to approximate a C-object X by a suitable
inverse system consisting of its quotient objects Xλ (and the quotient
morphisms) which have cardinalities, or dimensions - in the case of vec-
torial spaces, less than (less than or equal to) κ. Such an approximation
exists in the form of any κ−-expansion (κ-expansion) of X ,
pκ− = (pλ) : X → Xκ− = (Xλ, pλλ′ ,Λκ−)
(pκ = (pλ) : X →Xκ = (Xλ, pλλ′,Λκ)),
where Xκ− (Xκ) belongs to the subcategory pro-Dκ− (pro-Dκ) of pro-
D, and Dκ− (Dκ) is the subcategory of D determined by all the objects
having cardinalities, or dimensions - for vectorial spaces, less than (less
than or equal to) κ, while D is a full subcategory of C. Clearly, if
X ∈ Ob(D) and the cardinality |X| < κ (|X| ≤ κ), then the rudimen-
tary pro-morphism ⌊1X⌋ : X → ⌊X⌋ is a κ−-expansion (κ-expansion)
of X . The corresponding shape category ShD
κ−
(C) (ShDκ(C)) and
shape functor Sκ− : C → ShDκ− (C) (Sκ : C → ShDκ(C)) exist by
the general (abstract) shape theory, and they have all the appropri-
ate general properties. Moreover, there exist the relating functors
Sκ−κ : ShDκ(C) → ShDκ− (C) and Sκκ′ : ShDκ′ (C) → ShDκ(C), κ ≤ κ
′,
such that Sκ−κSκ = Sκ− and Sκκ′Sκ′ = Sκ. Even in simplest case of
D = C, the quotient shape classifications are very often non-trivial and
very interesting. In such a case we simplify the notation ShD
κ−
(C)
(ShDκ(C)) to Shκ−(C) (Shκ(C)) or to Shκ− (Shκ) when C is fixed.
In [12], several well known concrete categories were considered and
many examples are given which show that the quotient shape theory
yields classifications strictly coarser than those by isomorphisms. In
[13] and [14] were considered the quotient shapes of (purely algebraic,
topological and normed) vectorial spaces and topological spaces, re-
spectively. In the recent paper [15], we have continued the studying
of quotient shapes of normed vectorial spaces of [13], Section 4.1, pri-
marily and separately focused to the well known lp and Lp spaces and
to the Sobolev spaces W
(k)
p (Ωn) (of all real functions on Ωn having
their supports in a domain Ωn and all partial derivatives up to or-
der k continuous). The main global result of [15] is that the finite
quotient shape type of a normed spaces (over the field F ∈ {R,C})
3reduces to that of its completion (Banach) spaces, and consequently,
that the quotient shape theory of (NV ectF , (NV ectF )0
¯
) reduces to that
of (BV ectF , (BV ectF )0
¯
)
In this work we have clarified the relationship between the quotient
shape theories of normed and that of Banach spaces (Theorem 1). Fur-
ther, we have proven that the finite quotient shape type of normed
spaces is an invariant of the (algebraic) dimension, but not conversely.
The counterexamples exist in the dimensional par {ℵ0, 2ℵ0}. In the
case of separable Banach spaces, the classifications by dimension and
by the finite quotient shape (as well as by the countable quotient shape)
coincide (Theorem 2). Consequently, all the infinite-dimensional sep-
arable normed spaces over the same field belong to a unique quotient
shape type with respect to Banach spaces. Its representative may be,
for instance, the Hilbert space l2, or its (countably infinite dimensional,
unitary) direct sum subspace FN0 (2) ≡ (F
N
0 , ‖·‖2) (Corollary 1).
An application yields two extension type theorems for the category
sB ∪ bB (sB - separable Banach; bB - bidual-like Banach spaces, i.e.,
X ∼= X∗∗), provided a subspace has the top-dimensional closure and a
lower codimension, into lower dimensional Banach spaces (Theorems 3
and its “operable realization” - Theorem 4).
2. Preliminaries
We shall frequently use and apply in the sequel several general or
special well known facts without referring to any source. So we remind
a reader that
- our general shape theory technique is that of [10];
- the needed set theoretic (especially, concerning cardinals) and topo-
logical facts can be found in [4];
- the facts concerning functional analysis are taken from [8], [9] or [11];
- our category theory language follows that of [6].
For the sake of completeness, let us briefly repeat the construction of
a quotient shape category and a quotient shape functor, [12]. Given a
category pair (C,D), where D ⊆ C is full, and a cardinal κ, let Dκ− (Dκ)
denote the full subcategory of D determined by all the objects having
cardinalities or, in some special cases, the cardinalities of “bases” less
than (less or equal to) κ. By following the main principle, let (C,Dκ−)
((C,Dκ)) be such a pair of concrete categories. If
(a) every C-object (X, σ) admits a directed set R(X, σ, κ−) ≡ Λκ−
(R(X, σ, κ) ≡ Λκ) of equivalence relations λ on X such that each quo-
tient object (X/λ, σλ) has to belong to Dκ− (Dκ), while each quotient
morphism pλ : (X, σ)→ (X/λ, σλ) has to belong to C;
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(b) the induced morphisms between quotient objects belong to Dκ−
(Dκ);
(c) every morphism f : (X, σ) → (Y, τ ) of C, having the codomain
in Dκ− (Dκ), factorizes uniquely through a quotient morphism pλ :
(X, σ)→ (X/λ, σλ), f = gpλ, with g belonging to Dκ− (Dκ),
then Dκ− (Dκ) is a pro-reflective subcategory of C. Consequently, there
exists a (non-trivial) (quotient) shape category Sh(C,D
κ−
) ≡ ShD
κ−
(C)
(Sh(C,Dκ) ≡ ShDκ(C)) obtained by the general construction.
Therefore, a κ−-shape morphism Fκ− : (X, σ)→ (Y, τ) is represented
by a diagram (in pro-C)
(X,σ)κ−
p
κ−← (X, σ)
fκ− ↓
(Y , τ )κ−
q
κ−← (Y, τ)
(with pκ− and qκ− - a pair of appropriate expansions), and similarly
for a κ-shape morphism Fκ : (X, σ)→ (Y, τ). Since all Dκ−-expansions
(Dκ-expansions) of a C-object are mutually isomorphic objects of pro-
Dκ− (pro-Dκ), the composition and identities follow straightforwardly.
Observe that every quotient morphism pλ is an effective epimorphism.
(If U is the forgetful functor, then U(pλ) is a surjection), and thus
condition (E2) for an expansion follows trivially.
The corresponding “quotient shape” functors Sκ− : C → ShDκ− (C)
and Sκ : C → ShDκ(C) are defined in the same general manner. That
means,
Sκ−(X, σ) = Sκ(X, σ) = (X, σ);
if f : (X, σ) → (Y, τ) is a C-morphism, then, for every µ ∈ Mκ−,
the composite gµf : (Y, τ) → (Yµ, τµ) factorizes (uniquely) through a
pλ(µ) : (X, σ)→ (Xλ(µ), σλ(µ)), and thus, the correspondence µ 7→ λ(µ)
yields a function φ : Mκ− → Λκ− and a family of Dκ−-morphisms
fµ : (Xφ(µ), σφ(µ))→ (Yµ, τµ) such that qµf = fµpφ(µ);
one easily shows that (φ, fµ) : (X,σ)κ− → (Y , τ )κ− is a morphism
of inv-Dκ−, so the equivalence class fκ− = [(φ, fµ)] : (X,σ)κ− →
(Y , τ )κ− is a morphism of pro-Dκ− ;
then we put Sκ−(f) = 〈fκ−〉 ≡ Fκ− : (X, σ)→ (Y, τ) in ShDκ− (C).
The identities and composition are obviously preserved. In the same
way one defines the functor Sκ.
Furthermore, since (X,σ)κ− is a subsystem of (X,σ)κ (more pre-
cisely, (X, σ)κ is a subobject of (X,σ)κ− in pro-D), one easily shows
that there exists a functor Sκ−κ : ShDκ(C) → ShDκ− (C) such that
Sκ−κSκ = Sκ−, i.e., the diagram
5C
ւ Sκ− Sκ ց
ShD
κ−
(C) Sκ−κ←−−
ShDκ(C)
commutes. Moreover, an analogous functor Sκκ′ : ShDκ′ (C)→ ShDκ(C),
satisfying Sκκ′Sκ′ = Sκ, exists for every pair of infinite cardinals κ ≤ κ′.
Generally, in the case of κ = ℵ0, the κ−-shape is said to be the finite
(quotient) shape, because all the objects in the expansions are of finite
(bases) cardinalities, and the category is denoted by ShD0(C) or by
Sh0
¯
(C) ≡ Sh0 only, whenever D = C.
Let us finally notice that, though D * Cκ−) ((D * Cκ)), the quo-
tient shape category ShC
κ−
(D) (ShCκ(D)) exists as a full subcategory
of ShC
κ−
(C) (ShCκ(C)), and, if D is closed with respect to quotients,
then ShC
κ−
(D) = ShD
κ−
(D) (ShCκ(D) = ShDκ(D)).
3. The quotient shapes of normed and Banach spaces
Let N denote the category of all normed (vectorial) spaces over
the field F ∈ {R,C} together with all corresponding continuous lin-
ear functions. Let H ⊆ B ⊆ N denote its full subcategories of all
Hilbert and all Banach spaces over the same F , respectively, and let
sN (bN ⊆ B) denote full subcategory of all separable normed (bidual-
like) spaces over the same F . Further, given an infinite cardinal κ ≥ ℵ0,
let Hκ− ⊆ Bκ− ⊆ Nκ− (Hκ ⊆ Bκ ⊆ Nκ) denote the corresponding full
subcategories determined by all the objects having algebraic dimensions
less than (less or equal to) κ.
The next lemma and theorem slightly reinforce Theorem 3 of [15].
Lemma 1. Let Z be a dense subspace of a normed space X and let
dimX ≥ κ ≥ ℵ0. Then, for every Bκ−-expansion
pκ− = (pλ) : X → Xκ− = (Xλ, pλλ′ ,Λκ−)
of X, the pro-morphism
qκ− = (qλ = pλj : Z →Xκ−,
(j : Z →֒ X is the inclusion) is a Bκ−-expansion of Z. Especially, every
continuous linear function f : Z → Y , where Y is a Banach space
over the same field having dimY < κ, and its extension f¯ : X → Y
factorize uniquely (linearly and continuously) trough a Banach space
Xλ, dimXλ < κ, λ ∈ Λκ−, and if dimY < 2
ℵ0 ≤ κ, then dimXλ < ℵ0.
The quite analogous statements hold in the κ-case, ℵ0 ≤ κ < dimX.
Proof. One readily sees that
qκ− = (qλ = pλj) : Z →Xκ−,
is a Bκ−-expansion of Z. We need to verify the mentioned factorization
property. Let Y be a Banach space over the same field, dimY < κ, let
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f : X → Y be a continuous linear function and let f¯ : Cl(X) → Y be
the continuous extension of f , that is also linear. Since pκ− : X →Xκ−
is a Bκ−-expansion of X , there exist a λ ∈ Λκ− and a unique continuous
linear function fλ : Xλ → Z such that fλpλ = f¯ . Then fλpλj = f¯ j = f .
If a gλ : Xλ → Z has the same property, i.e., gλpλj = f , then gλpλj =
f¯ j. Since every continuous extension of Z onto X is unique, it follows
that gλpλ = f¯ . Finally, the factorization trough an expansion term
is also unique, hence gλ = fλ.The dimension property holds because
there is no countably infinite-dimensional Banach space. 
Lemma 2. For every vectorial space X 6= {θ} over F ∈ {R,C},
(i) dimXN0 > dimX ⇔ dimX < ℵ0,
where XN0 is the direct sum space. Equivalently,
(i)’ dimXN0 = dimX ⇔ dimX ≥ ℵ0,
and consequently,
(ii) X ∼= XN0
∼= FN0 ⇔ dimX = ℵ0.
If, in addition, X is a normed space and Cl(X) is its completion in
the second dual space, then
(iii) dimCl(X) > dimX ⇔ dimX = ℵ0.
Proof. Let X 6= {θ}. If dimX < ℵ0, then X ∼= F n, for some n ∈ N,
and the conclusion dimXN0 = dimF
N
0 = ℵ0 > n = dimX follows
straightforwardly. Conversely, let dimXN0 > dimX . Let us assume to
the contrary, i.e., that dimX ≥ ℵ0. If dimX = ℵ0, then one readily
sees that dimXN0 = ℵ0 = dimX . Thus, it remains that dimX ≥ 2
ℵ0,
i.e., dimX = 2ℵk , k ≥ 0 (an ordinal). Then, by Lemma 3.2 (iv) of [13],
dimX = |X|, and hence,
2ℵk = dimX ≤ dimXN0 = |X
N
0 | ≤ |X
N| = |X||N| =
= (2ℵk)ℵ0 = 2ℵk = dimX
- a contradiction again. This proves equivalences (i) and (i)’, and the
consequence (ii) follows. Let X be a normed space such that dimX =
ℵ0. Then X is not a Banach space. Thus its completion Cl(X), being a
Banach space, must increase the algebraic dimension, i.e., dimCl(X) >
dimX . Conversely, let dimCl(X) > dimX . Assume to the contrary,
i.e., that either dimX < ℵ0 or dimX > ℵ0. If dimX < ℵ0, then
X ∼= F n for some n ∈ N, and hence, Cl(X) = X - a contradiction. It
remains that dimX > ℵ0, i.e., dimX = 2ℵk , k ≥ 0. Then
2ℵk = dimX ≤ dimCl(X) ≤ |XN| = |X||N| =
= (2ℵk)ℵ0 = 2ℵk = dimX
- a contradiction again, and equivalence (iii) is proven. 
Recall that every normed space is dense in its Banach completion.
Further, since the embedding into Banach completion is an isometry, all
7dense subspaces of a normed space have the same Banach completion
(in the second dual space). Since there is no Banach space of the
countably infinite (algebraic) dimension, the following theorem is an
immediate consequence of Lemma 1 (see also Theorem 4 of [13]) and
Lemma 2.
Theorem 1. (i) The quotient shape theory of
(i) (N ,N0
¯
) ( and of (N ,Bℵ0) as well) reduces to that of (B,B0
¯
);
(ii) (N ,Bκ−) ((N ,Bκ)) reduces to that of (B,Bκ) ((B,Bκ)).
The following lemma is a generalization of [15], Proposition 1 (which
was a correction of incorrectly formulated [13], Corollary 4.4).
Lemma 3. Let X and Y be normed spaces over the same field such
that dimX = dimY ≡ κ. Then
(i) Sh0
¯
(X) = Sh0
¯
(Y )
and there exist an isomorphism F : X → Y of Sh0
¯
(N ) that is induced
by an isomorphism f ′ :X ′ → Y ′ of pro-H0
¯
. If κ > ℵ0, then
Shℵ0(X) = Shℵ0(Y ) with respect to Banach spaces,
and there exists an isomorphism F ′ : X → Y of Shℵ0(N ) with respect
to Banach spaces, that is induced by the same isomorphism f ′ :X ′ →
Y ′ of pro-H0
¯
.
(ii) If κ > ℵ0 and, in addition, X and Y are Banach spaces such that
there exists a closed embedding e : X → Y so that dim(Y/e[X ]) < κ,
then
Shκ−(X) = Shκ−(Y )
and there exists an isomorphism F : X → Y of Shκ−(B) that is induced
by e.
Proof. (i). If κ < ℵ0, then X and Y are isomorphic to an F n, and thus,
the statement is trivially true. Let κ ≥ ℵ0. Clearly, one may assume
thatX = (V, ‖·‖) and Y = (V, ‖·‖′), dimV = κ. Let us firstly construct
a desired f :X0
¯
→ Y 0
¯
of pro-B0
¯
. By a careful examining of the proof
of [15], Proposition 1, one notices that there assumed continuity of
1V : X → Y does not play any essential role. Namely, instead of by
the identity 1V induced pro-morphism, one can construct a morphism
f = [(f,µ )] :X0
¯
= (Xλ, pλλ′ ,Λ0
¯
)→ (Yµ, qµµ′ ,M0
¯
) = Y 0
¯
of pro-N0
¯
(actually, of pro-B0
¯
) in the same way as
g = [(g, gλ)] : Y 0
¯
→X0
¯
,
(in that proof) is constructed. Mor precisely, by [9], Section 8. 11, (b),
p. 440, every closed subspace Zλ E X such that dimZλ = dimX =
dimV and dim(X/Zλ) < ℵ0, induces a direct sum presentation X =
Zλ
·
+ Wλ, Wλ E X closed. Clearly, Wλ ∼= X/Zλ = Xλ. And similarly,
every closed subspace Zµ E Y such that dimZµ = dimY = dimV
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and dim(Y/Zµ) < ℵ0 induces a direct sum presentation Y = Zµ
·
+ Wµ,
Wµ E Y closed, and Wµ ∼= Y/Zµ = Yµ. For each λ ∈ Λ0
¯
and each
µ ∈ M0
¯
, choose and fix such a Wλ and a Wµ respectively. Recall
that the morphisms pλ : X → Xλ, pλλ′ : Xλ′ → Xλ, λ ≤ λ
′, and
qµ : Y → Yµ, qµµ′ : Xµ′ → Yµ, µ ≤ µ
′, are the corresponding quotient
functions, which all are linear and continuous. Observe that every
finite-dimensional subspace W E V is closed in the both X and Y .
Therefore, by [9], Section 8. 11, (c), p. 440, given a µ ∈ M0
¯
, i.e., a
Yµ, for a chosen Wµ, there exists a closed subspace Zλµ of X that is a
direct complement of Wµ and of the chosen Wλµ as well. Clearly, for
every µ ∈M0
¯
,
Xλµ = X/Zλµ
∼= Wλµ ∼= Wµ ∼= Y/Zµ = Yµ, and
Y = Zµ
·
+Wµ, X = Zλµ
·
+Wµ.
It implies that each [v = y]µ ∈ Yµ is represented by a unique w ∈ Wµ
and conversely, and that each [v = x]λµ ∈ Xλµ is represented by a
unique w′ ∈ Wµ and conversely.
Let us define
φµ : Wµ → Xλµ, φµ(w) = [w]λµ = w + Zλµ ,
ψµ :Wµ → Yµ, ψµ(w) = [w]µ = w + Zµ.
Since the elements ofWµ bijectively represent the element-classes of Yµ
and of Xλµ , it follows that φλ and ψλ are linear bijections. Since all
the spaces are finite-dimensional, φλ, φ
−1
λ , ψλ and ψ
−1
λ are continuous,
and thus, they are the isomorphisms of Banach spaces. Hence, the
composite
φµψ
−1
µ : Xλµ → Yµ , φµψ
−1
µ ([x = w]λµ) = [w = y]µ,
is an isomorphism of Banach spaces. Put
f :M0
¯
→ Λ0
¯
, f(µ) = λµ, and
fµ : Xf(µ) → Yµ, fµ = φµψ
−1
µ .
Then
(f, fµ) :X0
¯
→ Y 0
¯
is a morphism of inv-B0
¯
⊆ inv-N0
¯
. Indeed, for every related pair
µ ≤ µ′, i.e., Zµ′ E Zµ, there exists a λ ≥ f(µ), f(µ′), and since each
[x]λ = [w]λ ∈ Xλ for one and only one w ∈ Wλ,, it follows that
qµµ′fµ′pf(µ′)λ([x = w]λ) = qµµ′fµ′([w]f(µ′)) = qµµ′φµ′ψ
−1
µ′ ([w]f(µ′)) =
= qµµ′([w]µ′) = [w = y]µ, and
fµpf(µ)λ([x = w]λ) = fµ([w]f(µ)) = φµψ
−1
µ ([w]f(µ)) = [w = y]µ.
Denote by
f = [(f, fµ) :X0
¯
→ Y 0
¯
the induced morphism of pro-N0
¯
= pro-B0
¯
. One can now construct, in
the same way, a morphism
g = [(g, gλ) : Y 0
¯
→X0
¯
9and straightforwardly prove that g−1 = f . However, it is more conve-
nient to observe that the index function f : M0
¯
→ Λ0
¯
is cofinal, i.e.,
that every λ admits a µ such that f(µ) ≥ λ. Namely, one readily sees
that X = Zλ
·
+ Wλ admits
Y = Zµλ
·
+ Wλ = (Zµ
·
+W )
·
+Wλ = Zµ
·
+ (W
·
+ Wλ) ≡ Zµ
·
+ Wµ
such that Zµ is closed in Y , dimZµ = dimY and dimW < ℵ0. Then, by
the canonical construction and the definition of f , it follows that f(µ) =
λµ ≥ λ. Now, the conclusion that f : X0
¯
→ Y 0
¯
is an isomorphism
follows by the fact that each its term fµ : Xφ(µ) → Yµ, µ ∈ M9
¯
, is
an isomorphisms of Banach spaces. Then F = 〈f〉 ∈ Sh0
¯
(X, Y ) is a
desired finite quotient shape isomorphism. If, in addition, dimV > ℵ0,
i.e. (CH accepted), dimV ≥ 2ℵ0 , then, by Lemma 2 (iii), dimCl(X) =
dimX = dimV = dimY = dimCl(Y ) ≥ 2ℵ0, and the conclusion about
the countable quotient shapes and the isomorphism F ′ = 〈f〉′ : X → Y
of Shℵ0(N ) follows by Theorem 1 and Lemma 1. Let us now find
a representative of the quotient shape isomorphism F : X → Y of
Sh0
¯
(N ) (F ′ : X → Y of Shℵ0(N ) with respect to Banach spaces,
whenever κ > ℵ0) belonging to pro-H0
¯
. If dimV < ℵ0, the canonical
rudimentary identity “expansions” may be replaced by the isomorphic
ones with the Hilbert codomains F n(2), where n = dimV ∈ N. Let
dimV > ℵ0. Firstly, we are to construct an inverse system
X ′ = (X ′λ, p
′
λλ′
,Λ′)
in H0
¯
, and an isomorphism
u :X0
¯
→X ′
of pro-B0
¯
. By [10], I.1.2, Theorem 2, we may assume, without loss of
generality, that Λ0
¯
is cofinite (every λ ∈ Λ0
¯
admits at most finitely
many predecessors). Then the construction goes by induction on |λ| ∈
{0}∪N. Let |λ| = 0. Then Xλ ∼= F and, by the canonical construction,
no pair λ, λ′ is related whenever |λ| = |λ′| = 0. Put X ′λ = F and
p′λλ = 1X′λ, and choose an isomorphism uλ : Xλ → X
′
λ. Let n ∈ N,
and assume that, for all λ ∈ Λ0
¯
such that |λ| < n, the construction is
made, i.e., for all λ′ ≤ λ, the Hilbert spaces X ′
λ′
and the isomorphisms
uλ′ : Xλ′ → X
′
λ′
are chosen and, for every related pair λ1 ≤ λ2 (≤ λ)
and every related triple λ1 ≤ λ2 ≤ λ3 (≤ λ) the bonds p′λ1λ2, p
′
λ1λ3
, p′λ2λ3
are defined according to commutativity conditions p′λ1λ2uλ2 = uλ1pλ1λ2
and p′λ1λ2p
′
λ2λ3
= p′λ1λ3 . Let λ ∈ Λ0¯
such that |λ| = n ∈ N, and let
λ1, . . . , λn   λ be all the predecessors of λ. Then, for each i = 1, . . . , n,
|λi| < n holds. Thus, by the inductive assumption, for all λi and all
their predecessors the construction is already made. By the canonical
construction of a quotient expansion, Xλ ∼= F k(λ), k(λ) ∈ N. Put
X ′λ = F
k(λ) and p′λλ = 1X′λ , and choose an isomorphism uλ : Xλ → X
′
λ.
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Now define, for each i = 1, . . . , n, p′λiλ = uλipλiλu
−1
λ . A straightforward
verification shows that, for every i, p′λiλuλ = uλipλiλ, and that, for
every related pair λi′ ≤ λi′ , p′λiλi′p
′
λi′λ
= p′λiλ holds. This completes
the inductive construction of an inverse system X ′ ∈ Ob(pro-H0
¯
) and
a pro-morphism u = [[1Λ0
¯
, uλ)] :X0
¯
→X ′
(of pro-B0
¯
). Since the index function !Λ0
¯
is, obviously, cofinal and
each uλ is an isomorphism of the Banach spaces, it follows that u
is an isomorphism of pro-B0
¯
. In the same way one can construct an
isomorphism v : Y 0
¯
→ Y ′ of pro-B0
¯
, where Y ′ ∈ Ob(pro-H0
¯
). Clearly,
up0
¯
: X → X ′ and
vq0
¯
: Y → Y ′
are B0
¯
-expansions of X and Y , respectively, having the expansion sys-
tems in H0
¯
. The proof of the first statement of (i) is complete by
putting f ′ = vfu−1. If κ > ℵ0, then the countable quotient shape
with respect to Banach spaces reduces to the finite one (Theorem 1
(i)), and the conclusion follows as previously.
(ii). We may assume that X is a closed subspace of Y such that
dimX = dimY = κ ≥ 2ℵ0 and dim(Y/X) < κ. Recall that κ = 2ℵ0
implies Shκ−(B) = Sh0
¯
(B). Let
pκ− = (pλ) : X → Xκ− = (Xλ, pλλ′ ,Λκ−),
qκ−− = (qµ) : Y → Y κ− = (Yµ, qµµ′ ,Mκ−)
be the canonical Bκ−-expansions of X , Y respectively. Let
(ϕ, iµ) :Xκ− → Y κ−
be by the inclusion i : X →֒ Y induced morphism of inv-Bκ. . By the
canonical construction of these κ−-expansions, if the index function
ϕ : Mκ− → Λκ− is cofinal (i.e., if each λ ∈ Λκ− admits a µ ∈Mκ− such
that ϕ(µ) ≥ λ), then the equivalence class
[(ϕ, iµ)] :Xκ− → Y κ−
is an isomorphism of pro-Bκ. , implying Shκ−(X) = Shκ−(Y ). There-
fore, according to the previous case, the proof reduces to the verification
of the following claim:
For every closed subspace W E Y such that dimW = dimY and
dim(Y/W ) < κ, there exists a closed subspace Z E X such that
dimZ = dimX and dim(X/Z) < κ, and in addition, Z EW , dimZ =
dimY and dim(Y/Z) < κ.
Let such a W be given. Put Z = X ∩W . Then Z E W is a closed
subspace of the both X and Y . Since the codimensions of X and W
are less than κ, it follows (see also Lemma 3.8 (iii) of [13]) that
dimZ = dim(X ∩W ) = dimX = dimY = κ.
Further, since, in addition, dim(Y/X) < κ and dim(Y/W ) < κ, where
κ = 2ℵk , for some ordinal k ≥ 1 (GCH accepted), it follows that
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dim(X/Z) = dim(X/(X∩W )) ≤ dim(Y/(X∩W )) = dim(Y/Z) < κ.
So the claim is verified, and the proof is completed. 
Given a vectorial space V , denote
W(V ) = {W E V | dimW < ℵ0},
Z(V ) = {Z E X | dimZ = dimX ∧ dim(X/Z) < ℵ0}.
Further, given a normed space X , denote
Zcl(X) = {Z E X | Cl(Z) = ZuprisedimZ = dimX∧dim(X/Z) < ℵ0}.
We shall need the following general facts.
Lemma 4. Let V be a vectorial spaces over F ∈ {R,C}. If dimV >
ℵ0, then
(i) |W(V )| = |V | = dimV < 2|V | = |Z(V )|.
Further, if X = (V, ‖·‖) is a separable or bidual-like normed space
(X∗∗ ∼= X), then
(ii) |W(X)| = |Zcl(X)| = |X| = dimX.
Proof. The equality |V | = dimV , and thus |X| = dimX as well, follows
by [13], Lemma 3.2 (iv). Notice that W(V ) is the disjoint union of all
Wn(V ), n ∈ {0} ∪ N, where
Wn(V ) = {W E V | dimW = n}.
Hereby, W0(V ) = {θ}. The same holds for W(X). (Recall that every
finite-dimensional subspace W of X is closed. ) Similarly, Z(V ) is the
disjoint union of all Zn(V ), n ∈ {0} ∪ N, where
Zn(V ) = {Z E V | dimZ = dimV ∧ dim(V/Z) = n}.
Hereby Z0(V ) = {V }. In the same way, Zcl(X) is the disjoint union of
all Zcl,n(X), n ∈ {0} ∪ N, where
Zc ln,(X) = {Z E X | Cl(Z) = ZuprisedimZ = dimX∧dim(X/Z) = n}
and Zcl,0(X) = {X}. Observe that |W1(V )| = |V |, and |W1(X)| = |X|
as well, hold because of |V | ≥ 2ℵ0. Further, one readily sees that, for
every n 6= 0, dimV > n implies |Wn(V )| = |W1(V )| ≥ 2ℵ0 . The same
holds true for X . Now observe that
|Z0(V ) ∪ Z1(V )| = |V
+|,
where V + denotes the (algebraic) dual of V, while
|Z0(X) ∪ Z1(X)| = |X∗|,
where X∗ denotes the (normed) dual of X . Then, it is easy to see
that, for every n 6= 0, |Zn(V )| = |Z1(V )| and |Zcl,n(X)| = |Zcl,1(X)|.
Consequently, statement (i) reduces to
|W1(V )| = |V | = dimV < 2|V | = |V +| = |Z1(V )|,
that holds true because of dimV ≥ 2ℵ0 . Similarly, concerning (ii), it
suffices to prove that
|W1(X)| = |X| = |X
∗| = |Zcl,1(X)|,
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where the first and third equality hold already. It remains to prove the
second one. Clearly, |X| ≤ |X∗|. Assume, firstly, that X is a separable
normed space. Then |X| = 2ℵ0, while the cardinality of the set FX
of all functions of X to F is |F ||X| = 2ℵ1 (GCH accepted). Since
X is separable, the cardinality of the set c(X,F ) of all continuous
functions of X to F is determined by countability of a dense subset on
X . This implies that |c(X,F )| = 2ℵ0 = |X|. Since |X∗| ≤ |c(X,F )|,
the conclusion follows. Finally, if X is a bidual-like normed space, i.e.,
X∗∗ ∼= X , then |X∗∗| = |X|, implying |X∗| = |X|. 
Remark 1. If dimX = ℵ0, i.e., X ∼= (FN0 , ‖·‖) (the direct sum),
then the cardinalities considered in Lemma 4 are |W(FN0 )| = |Zcl(F
N
0 )|
= 2ℵ0 = |FN0 | > dimX. Further, in all finite-dimensional cases, i.e.,
X ∼= F n, n ∈ N, and |W(F n)| = |F n| = |F | = 2ℵ0, while |Zcl(F n)| = 1
because Z = {X}. Notice that, for the full subcategory U ⊆ N (U -
unitary; all the continuous linear functions included), it holds X ∼= Y
in U if and only if X ∼= Y in N . Namely, though the restriction to
the linear inner-product preserving functions is convenient for mak-
ing quotient spaces, it breaks the shape relationship with N (hereby a
full subcategory is needed!). In other words, the restriction to the in-
ner product preserving morphisms, would lead to a new quotient shape
theory of unitary (Hilbert) spaces and linear inner-product preserving
functions.
Though the separability assumption of a non-bidual-like space X in
our proof of Lemma 4 (ii) is essential, the following question still makes
sense:
Question 1. Does Lemma 4 (ii) hold true for every normed (Ba-
nach) space X having dimX 6= ℵ0?
Namely, the author can prove that X = l∞ (non-separable and non-
bidual-like) is an example towards the affirmative answer.
Theorem 2. The finite quotient shape type of normed spaces over the
same field is a strict invariant of the (algebraic) dimension, i.e.,
(i) (dimX = dimY )⇒ (Sh0
¯
(X) = Sh0
¯
(Y )).
(and with respect to B0
¯
as well). Furthermore, there exists a quotient
shape isomorphism F = 〈f〉 : X → Y of Sh0
¯
(NV ectlF ) induced by an
isomorphism f of pro-H0
¯
.
Further, either max{dimX, dimY } ≤ ℵ0 or X, Y ∈ Ob(sB ∪ bB) such
that min{dimX, dim Y } > ℵ0, then
(ii) (dimX = dimY ) ⇔ (Sh0
¯
(X) = Sh0
¯
(Y )) ⇔ (Shℵ0(X) =
Shℵ0(Y ))
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hold true. Consequently, the classifications on sB ∪ bB by (algebraic)
dimension, by the finite quotient shape and by the countable quotient
shape coincide.
Furthermore, for the bidual-like Banach spaces, if there exists a closed
embedding e : X → Y such that dim(Y/e[X ]) < dim Y = κ, then
(iii) (dimX = dimY )⇔ (Shκ−(X) = Shκ−(Y )).
Proof. Let X and Y be normed spaces over the same field such that
dimX = dimY . Since one may assume that X = (V, ‖·‖) and Y =
(V, ‖·‖′), the implication (i), and the necessity parts in (ii) follow by
Theorem 1 and Lemma 3, while the second sufficiency in (ii) holds
trivially.
In order to prove that the converse of (i) does not hold, let us consider
the direct sum vectorial (algebraic) space FN0 (E lp E F
N) and the
corresponding normed subspaces FN0 (p) (of lp), 1 ≤ p ≤ ∞, that all
are of dimension dimFN0 = ℵ0. Since Cl(F
N
0 (p)) = lp, 1 ≤ p <∞, and
Cl(FN0 (∞)) = lp(∞) in lp(∞), and Cl(F
N
0 (∞)) = c0 in l∞ (see also
[15], Section 4), and since dim lp = dim c0 = 2
ℵ0 > dim(FN0 (p)) and
Sh0
¯
(lp) = Sh0
¯
(FN0 (p)) = Sh0
¯
(c0) (Lemma 1), it follows that there is a
lot of counterexamples in the dimensional pair {ℵ0, 2ℵ0}.
Let us now prove the sufficiency part of the first equivalence in (ii),
Let X , Y be a pair of normed spaces over the same field such that
either the both dimX, dimY ≤ ℵ0 or X, Y ∈ Ob(sN ∪ bN ) having
dimX, dimY ≥ 2ℵ0 (CH accepted), and let us assume that Sh0
¯
(X) =
Sh0
¯
(Y ). If dimX < ℵ0 and dimY < ℵ0, then the both X and Y have
to be isomorphic to an F n, n ∈ N, and hence, dimX = dimY . Further,
Sh0
¯
(X) = Sh0
¯
(Y ) and n = dimX < dimY = ℵ0 (or n = dimY <
dimX = ℵ0) immediately leads to a contradiction. It remains to prove
the statement in the case of X, Y ∈ Ob(sN ∪ sN ) having dimX ≥ 2ℵ0
and dimY ≥ 2ℵ0. Let
p0
¯
= (pλ) : X →X0
¯
= (Xλ, pλλ′ ,Λ0
¯
),
q0
¯
− = (qµ) : Y → Y 0
¯
= (Yµ, qµµ′ ,M0
¯
)
be the canonical N0
¯
-expansions of X , Y respectively, that also are the
B0
¯
-expansions. Then X0
¯
∼= Y 0
¯
in pro.B0
¯
. According to [10], I.1.2,
Theorem 2, we may pass to the associated cofinite (i.e., with cofinite
index sets) inverse systems
X ′ = (X ′
λ¯
, p′
λ¯λ¯
′ , Λ¯) and
Y ′ = (Y ′µ¯, q
′
µ¯µ¯, M¯)
such that |Λ¯| = |Λ0
¯
|, |M¯ | = |M0
¯
| and X ′ ∼= X0
¯
, Y ′ ∼= Y 0
¯
in pro-
B0
¯
. Then X ′ ∼= Y ′ in pro-B0
¯
. Let f : X ′ → Y ′ be an isomorphism.
Choose a special representative (φ, fµ¯) of f (having the index function
φ increasing, [10], I. 1.2, Lemma 3). Then, for every related pair µ¯ ≤ µ¯′,
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fµp
′
φ(µ¯)φ(µ¯′) = q
′
µ¯µ¯′fµ¯′ .
Similarly, there exists a special representative (ψ, gλ¯) of f
−1 : Y ′ →X ′
(ψ is increasing) such that, for every related pair λ¯ ≤ λ¯
′
,
gλ¯q
′
ψ(λ¯)ψ(λ¯
′′
)
= p′
λ¯λ¯
′gµ¯′.
Since
(φ, fµ¯) ◦ (ψ, gλ¯) = (ψφ, fµ¯gφ(µ¯)) ∼ (1Mκ− , 1Y ′µ¯),
we conclude that, for every µ¯ ∈ M¯ , there exists a µ¯′ ≥ µ¯, ψφ(µ¯) such
that
fµ¯gφ(µ¯)q
′
ψφ(µ¯)µ¯′ = q
′
µ¯µ¯′ .
Recall that all qµµ′ are epimorphisms, and thus such are all q
′
µ¯1µ¯2
(q′µ¯µ¯′ =
q′µ¯ψφ(µ¯)q
′
ψφ(µ¯)µ¯′, by the choice of the special representatives). Therefore,
(∀µ¯ ∈Mκ−) fµ¯gφ(µ¯) = q
′
µ¯ψφ(µ).
Now, assume to the contrary, i.e., that dimX 6= dimY . We may
assume, without loss of generality, that dimX = κ ≥ 2ℵ0, dimY =
κ′ > κ, i.e. (GCH accepted), that κ′ ≥ 2κ. Then, by Lemma 4 (ii),
|Λ0
¯
| = |Zcl(X)| = κ and |M0
¯
| = |Zcl(Y ) = |κ′. Since∣
∣M¯
∣
∣ = |M0
¯
| = κ′ ≥ 2κ > κ = |Λ0
¯
| =
∣
∣Λ¯
∣
∣ ≥ 2ℵ0 ,
there exists a λ¯0 ∈ Λ¯ and there exists infinitely many (actually, κ′
many) elements µ¯ ∈ M¯ such that φ(µ¯) = λ¯0. Put µ¯0 = ψ(λ¯0) ∈ M¯ .
Then,
µ¯0 = ψφ(µ¯) ≥ µ¯
for infinitely many µ¯ ∈ M¯ . It follows that M¯ is not cofinite - a con-
tradiction. Finally, the statement concerning separable Banach spaces
follows by Theorem 1 (i).
It remains to prove the last statement. Since Shκ−(X) = Shκ−(Y )
implies Sh0
¯
(X) = Sh0
¯
(Y ), the sufficiency part of (iii) holds by the suf-
ficiency part of (ii) in general, i.e., without any additional assumption.
Conversely, let X, Y ∈ ObbB such that dimX = dimY ≡ κ and let
there exist a closed embedding e : X → Y such that dim(Y/e[X ]) < κ.
If κ ≤ 2ℵ0 , then the κ−-quotient shape reduces to 0
¯
-quotient shape, and
the conclusion follows, in general, by the necessity part of (ii). Finally,
in the case of κ > 2ℵ0 , the conclusion follows by Lemma 3 (ii). 
Corollary 1. All infinite-dimensional separable normed spaces over F
(especially, all the direct sum spaces (FN0 , ‖·‖) and all the Cp(n) spaces,
1 ≤ p < ∞, n ∈ N) and all 2ℵ0-dimensional normed spaces over F
(especially, the Banach spaces lp and Lp(n), 1 ≤ p ≤ ∞, n ∈ N,
the subspaces c0 E c E l∞ and Sobolev spaces W
(k)
p (Ωn)) belong to
the same and unique non-trivial quotient shape type with respect to
Banach spaces, that is the finite one. A representing space may be the
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ℵ0-dimensional unitary direct sum normed subspace FN0 (2) of l2 as well
as the Hilbert space l2.
Proof. Every infinite-dimensional separable Banach space has the (alge-
braic) dimension 2ℵ0 . If an infinite-dimensional separable normed space
X is not complete, then one may use the inclusion jX : X → Cl(X),
where X is isometrically embedded into its second dual space. Then
Cl(X) is an infinite-dimensional separable Banach space, and hence,
dimCl(X) = 2ℵ0. All the considered concrete spaces belong to the
mentioned classes. Thus, the conclusion follows by Lemma 1 (or The-
orem 3 [15]) and Theorem 2. 
Remark 2. (i) A counterexample for the converse in Theorem 2 (i),
in the dimensional pair {ℵ0, 2ℵ0}, is X = (FN0 , ‖·‖) and Y = Cl(X) -
the Banach completion of X in the second dual space of X. Namely,
by Lemmata 1 and 2 (CH accepted) Sh0
¯
(X) = Sh0
¯
(Y ) and dimX =
ℵ0 < 2ℵ0 = dimY .
(ii) Notice that, although each direct sum normed space (FN0 , ‖·‖) may
represent the (unique) finite quotient shape type of all 2ℵ0-dimensional
normed spaces considered in Corollary 1, none of (FN0 , ‖·‖) can rep-
resent any (but its own) of their countable quotient shape types with
respect to normed spaces. Namely, (FN0 , ‖·‖) itself represents its own
countable quotient shape type, while the countable quotient shape types
of all normed (Banach) spaces X, dimX = 2ℵ0, are non-rudimentary.
(They reduce to their unique non-rudimentary finite quotient shape
type). Hence, “philosophically” speaking, in the “world of Banach
spaces” there is no “fine/close”approximation of a 2ℵ0-object by the
“shape-like” ℵ0-objects, i.e., there is only a “coarse” approximation
by the finite-dimensional objects. It might be the main cause for the
general difficulties in a practical application, especially, in solving of
partial differential equations!? So the theoretical “advantage” (there
is no ℵ0-dimensional Banach space) can turn back to be a practical
disadvantage.
Question 2. Given a Banach space X and its closed subspace Z
such that dimZ = dimX ≥ 2ℵk and dim(X/Z) ≤ ℵk ( k ≥ 1; GCH
accepted), is there a closed complement of Z in X?
4. Application
It is well known that, in general, a continuous linear function of a
(closed) subspace of a normed space into a Banach space of dimension
dim ≥ 2 does not admit a continuous linear extension on the whole
space. We shall prove that under certain dimensional conditions such
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an extension exists. Clearly, if the dimension of a codomain space is
dim = 1, then an extension exists without any additional condition
(the Hahn-Banach theorem).
Theorem 3. Let X be a normed space having dimX ≥ κ ≥ ℵ0, and
let Z E X be a (normed) subspace. If, by the inclusion e : Cl(Z) →֒ X,
induced, quotient shape morphism Sκ−(e) : Cl(Z) → X is an isomor-
phism of Sκ−(N ), then for every Banach space Y , over the same field,
such that dim Y < κ, every continuous linear function f : Z → Y ad-
mits a continuous linear extension f¯ : X → Y . Moreover,
∥
∥f¯
∥
∥ = ‖f‖.
Proof. Let Sκ−(e) : Cl(Z) → X be an isomorphism of Shκ−(N ). Let
Y ∈ Ob(Bκ−) and let f ∈ N (Z, Y ). We may assume, without loss of
generality, that Sκ−(e) is represented by a level morphism
(1N , uν) : Z
′
κ− = (Z
′
ν , r
′
νν′, N)→ (X
′
ν , p
′
νν′ , N) =X
′
κ−
of inv-Nκ−, where Z
′
κ− and X
′
κ− are the expansion objects of κ
−-
expansions
r′
κ−
= (r′ν) : Cl(Z)→ Z
′
κ− and
p′
κ−
= (p′ν) : X →X
′
κ−
of Cl(Z) and X respectively. Then, for every ν ∈ N , p′νe = uνr
′
ν and,
for every related pair ν ≤ ν ′ in N , uνr
′
νν′ = p
′
νν′u̟′ . By the well-
known Morita lemma, for every ν ∈ N , there exist a ν ′ ≥ ν and a
vν ∈ N (X ′ν′ , Z
′
ν) such that the diagram
Z ′ν
r′
νν′← Z ′ν′
uν ↓ տ vν ↓ uν′
X ′ν
p′
νν′← X ′ν′
in N commutes, i.e., uνvν = p′νν′ and vνuν′ = r
′
νν′. Denote by i : Z →֒
Cl(Z) the inclusion, and by f ′ : Cl(Z) → Y the unique continuous
linear extension of f , i.e., f ′i = f (Lemma 1). Since r′ is κ−-expansion
of Cl(Z) and dimY < κ, there exist a ν ∈ N and an f ν ∈ N (Z ′ν, Y )
such that f νr′ν = f
′. Put
f¯ = f νvνp
′
ν′ : X → Y .
Then
f¯ e = f νvνp
′
ν′e = f
νvνuν′r
′
ν′ = f
νr′νν′r
′
ν′ = f
νr′ν = f
′.
Consequently, f¯(ei) = (f¯ e)i = f ′i = f , that is a desired extension.
Recall that all the projections and bonding morphisms in a canonical
expansion are the appropriate non-trivial quotient morphisms (the ini-
tial one onto {θ} may be dropped and ignored), and hence, their norm
is 1. Further, since e : Cl(Z) →֒ X is the inclusion, the induced canon-
ical (ϕ, eλ) inv-morphism consists of the quotient morphisms as well,
and thus, ‖eλ‖ = 1, λ ∈ Λκ− (those onto the initial term or from the
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initial term may be dropped and ignored). Further, the construction of
a level morphism uses the already existing morphisms only. Therefore,
‖uν‖ = ‖uν′‖ = ‖vν‖ = 1, ν, ν
′ ∈ N .
Finally, ‖e‖ = 1, and the extension f ′ of Z on Cl(Z) does not affect
the norm ‖f‖. Consequently,∥
∥f¯
∥
∥ = ‖f νvνp′ν′‖ = ‖f
ν‖ = ‖f‖,
that completes the proof. 
Theorem 4. Let X be a normed space having dimX = κ ≥ ℵ0, and
let Z E X be a (normed) subspace such that dimCl(Z) = dimX and
dim(X/Cl(Z)) < κ, and let Y be a Banach space (over the same field)
having dim Y < κ.
(i) If X is a separable Banach space and max{dim(X/Cl(Z), dimY ) ≤
ℵ0, then every continuous linear function f : Z → Y admits a contin-
uous linear extension f¯ : X → Y such that
∥∥f¯
∥∥ = ‖f‖.
(ii) If X is a bidual-like Banach space, then every continuous linear
function f : Z → Y admits a continuous linear extension f¯ : X → Y
such that
∥
∥f¯
∥
∥ = ‖f‖.
Proof. Firstly notice that, in general, a desired (unique) ontinuous lin-
era extension on Cl(Z) exists by Lemma 1. Further, in the case of
dim(X/Cl(Z)) < ℵ0 there is no need for the assumption dimCl(Z) =
dimX . Namely, dimX ≥ ℵ0 and dim(X/Cl(Z)) < ℵ0 imply dimCl(Z) =
dimX . Furthermore, there is a rather simple proof of that special case
without using Theorem 3. Nevertheless, we want to use Theorem 3 in
our proof. Denote by e : Cl(Z) →֒ X the (closed continuous linear)
inclusion. By Theorem 2 (i), it follows that Sh0
¯
(Cl(Z)) = Sh0
¯
(X).
(i). Since X ∈ Ob(sB), it follows that either dimX < ℵ0 or dimX =
2ℵ0. In the first (finite-dimensional) case, the statement is obviously
true. Let dimX = 2ℵ0 . Since Y is a Banach space having dimY <
dimX , it follows that dimY < ℵ0. According to Theorem 3, it suffices
to prove that the induced quotient shape morphism
F ≡ S0
¯
(e) : Cl(Z)→ X
of Sh0
¯
(B) ⊆ Sh0
¯
(N ) is an isomorphism. We shall prove this by proving
the analogue claim in the proof of statement (ii).
(ii). Since X ∈ Ob(bB) and e : Cl(Z) → X a closed embedding such
that dimCl(Z) = dimX and dim(X/Cl(Z)) < dimX = κ, Theorem 2
(iii) implies that Shκ−(Cl(Z)) = Shκ−(X). According to Theorem 3,
it remains to prove that the quotiemt shape morphism
F ≡ Sκ−(e) : Cl(Z)→ X
of Sκ−(bB) ⊆ Sκ−(N ) is an isomorphism. In order to cover the both
statements, assume that X is a Banach space. Let
rκ− = (rµ) : Cl(Z)→ Zκ− = (Zµ, rµµ′,Mκ−) and
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pκ− = (pλ) : X → Xκ− = (Xλ, pλλ′ ,Λκ−)
be the canonical Nκ−-expansions of Cl(Z) and X respectively. (They
are, actually, the Bκ−-expansions, because Cl(Z) is a Banach space as
well, and, consequently, all the quotient spaces by closed subspaces are
Banach spaces.) Then the induced pro-morphism eκ− : Zκ− → Xκ−
of e is the equivalence class of the inv-morphism
(ϕ, eλ) : Zκ− → Xκ− ,
where ϕ : Λκ− →Mκ− is obtained by the expansion factorization prop-
erty (E1) for each pλe = eλrϕ(λ). Therefore, by the construction of a
canonical Nκ−-expansion, for every λ ∈ Λκ− , corresponding to a closed
subspace Uλ E X such that dimUλ = dimX and dim(X/Uλ) < κ, the
class [z]ϕ(λ) = z + (Cl(Z)∩Uλ) ∈ Zϕ(λ) goes by eλ : Zϕ(λ) → Xλ to the
class [z]λ = z+Uλ ∈ Xλ. Further, if λ ≤ λ
′, then Uλ′ E Uλ (having the
same dimensional properties), and hence, Cl(Z) ∩ Uλ′ E Cl(Z) ∩ Uλ
implying ϕ(λ) ≤ ϕ(λ′) and eλrϕ(λ)ϕ(λ′) = pλλ′λeϕ(λ′). On the other side,
every µ ∈ Mκ−, corresponding to a closed subspace Vµ E Cl(Z) such
that dimVµ = dimCl(Z) and dim(Cl(Z)/Vµ) < κ, is a λµ ∈ Λκ−, cor-
responding to a closed Uλµ = Vµ E X such that dimUλµ = dimX
and dim(X/Uλµ) < κ. Thus, there exists a canonical “inclusion”
ψ : Mκ− →֒ Λκ− , ψ(µ) = λµ. Put ψ[Mκ−] ≡ Λ
′
κ−
⊆ Λκ−. It re-
mains to prove that ψ is a cofinal function. Indeed, in that case, the
codomain restriction
e′
κ−
: Zκ− → X
′
κ−
of eκ−, i.e., the equivalence class of the codomain restriction
(ϕ′, eλ) : Zκ− →X
′
κ−,
of (ϕ, eλ), where the bijection ϕ
′ : Λ′
κ−
→ Mκ− , ϕ
′(λ = λµ) = µ, is the
domain restriction of the index function ϕ, will be an isomorphism of
pro-B, and consequently,
Sκ−(e) = 〈eκ−〉 =
〈
e′
κ−
〉
: Cl(Z)→ X
will be a desired quotient shape isomorphism. Namely, in that case,
the restriction
p′
κ−
= (pλ) : X → X
′
κ− = (Xλ, pλλ′ ,Λ
′
κ−
)
will be an Nκ−-expansion of X . The proof now reduces to the following
claim:
For every closed subspace U E X such that dimU = dimX and
dim(X/U) < κ, there exists a closed subspace V E Cl(Z) such that
dimV = dimCl(Z) and dim(Cl(Z)/V ) < κ, and in addition, V E U ,
dimV = dimX and dim(X/V ) < κ.
Given such a U , put V = Cl(Z) ∩ U , and the verification works in the
same way as in the proof of Lemma 3 (ii). 
At the end, we give a rather general example as a corollary.
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Corollary 2. (i) Given a p, 1 ≤ p < ∞, let X be a separable Ba-
nach space that admits a continuous injection i : lp → X such that
dim(X/Cl(i[lp])) ≤ ℵ0, and let Y be a finite-dimensional normed space
over the same field. Then, for each r, 1 ≤ r ≤ p, every continuous lin-
ear function f : FN0 (r)→ Y (f : lr → Y as well), admits a continuous
linear extension f¯ : X → Y through all the lr (ls, r ≤ s ≤ p);
(ii) Let X be a separable Banach space that admits a continuus injection
i : c0 → X such that dim(X/Cl(i[c0])) ≤ ℵ0, and let Y be a finite-
dimensional normed space over the same field. Then every continuous
linear function f : FN0 (∞) → Y (f : lp(∞)→ Y as well, 1 ≤ p < ∞,)
admits a continuous linear extension f¯ : X → Y through all the lp(∞),
1 ≤ p <∞ (lp′(∞), p ≤ p′ <∞);
Proof. (i).Observe that the inclusions i0rp : F
N
0 (r)→ lp and i
r
p : lr → lp,
1 ≤ r ≤ p <∞, are continuous, and that, in lp, Cl(FN0 (r)) = Cl(lr) =
lp. Now apply Theorem 4 to Z = F
N
0 (r) (Z = lr).
(ii). Notice that
FN0 (∞) E l1(∞) E · · · E lp(∞) E · · · E lp′(∞) E · · · E c0
are proper subspaces of c0 and that Cl(F
N
0 (∞)) = lp(∞) in lp(∞), and
Cl(FN0 (∞)) = Cl(lp(∞)) = c0 in l∞, 1 ≤ p <∞. By applying Theorem
4 to Z = FN0 (∞) and Z = lp(∞) respectively (Y is a Banach space),
the conclusion follows.
(Observe that, in l∞, Cl(F
N
0 (p)) = Cl(lp) = c0, and that dim(c/c0) = 1,
where c E l∞ is the subspace of all convergent sequences in F , which
is closed. Hence, X = c is a concrete example for (i) and (ii).) 
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